Hardness is too complex to be described by first principles. Based on the dielectric chemical bond theory, a semiempirical approach for the evaluation of the hardness of ionic oxide crystals has been proposed. It was applied to predict the hardness of complex crystals such as the optical crystals yttrium aluminum garnet, the LaMgAl 11 O 19 aluminates, and the high-T c superconductor YBa 2 Cu 3 O 7 . The calculated values were in agreement with the available experimental ones. The simplicity of the approach allows a broader class of researchers to access the method easily and to calculate the hardness of materials even using only a hand-calculator. Finally, the correlation between bond length and hardness in oxide crystals has been studied. The physical nature of the hardness of ionic crystals has been further discussed.
I. INTRODUCTION
Hardness is an important mechanical property of materials. It was defined as the resistance offered by a given material to external mechanical action endeavoring to scratch, abrade, indent, or affect in any other way its surface.
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Among a large range of existing methods for measuring hardness, Vickers and Knoop scales are frequently used, working with symmetrical ͑Vickers͒ and asymmetrical ͑Knoop͒ rhombic-based pyramidal diamond indenters. In static indentation tests, a pyramid is forced into a surface and the load per unit area of impression is taken as the measure of hardness:
where W is the maximum applied load, and A c is the contact area for Vickers hardness or the projected area for Knoop hardness.
The prediction of the hardness of materials is a topic of much interest to scientists. [5] [6] [7] [8] [9] That is mainly because superhard materials are highly important to the materials science and engineering communities. However, hardness is too complex to be described by first principles. Over the last two decades, the search for hard materials has had to be simplified to a search for materials with a large bulk modulus or shear modulus, which can be evaluated directly by first principles. 10 This method clearly has limitations because there is no one-to-one correspondence between hardness and other properties. In fact, hardness is different from the bulk modulus or shear modulus. Therefore, clarifying the physical nature of hardness is of utmost importance.
We think that the macroscopic physical properties of crystals must have a direct relationship with their constituent chemical bonds. Therefore, for a given crystal, it is reasonable to investigate its origin of hardness by starting from the point of view of the chemical bond. Recently, a new definition of the hardness of covalent crystals has been presented. 11 In our opinion, the hardness of covalent crystals is intrinsic and equivalent to the sum of the resistance of each bond per unit area to the indenter. Based on this idea, the hardness of the covalent crystals should have the following form:
where E h is the covalent gap which characterizes the strength of the covalent bond, N a is the covalent bond number per unit area, f i is the ionicity of bonds, N e is the electron density expressed in the number of valence electrons per cubic angstrom. In the beginning, the prime search for hard materials was focused on the solids that contain small elements B, C, and N. 6, 7, 12 Interesting materials with unconventional structures can be synthesized using high-pressure and high-temperature techniques. Oxide-based materials have also been proven to have exciting potential for materials of extreme hardness. 5 On the other hand, besides the superhardness materials, many other oxides need suitable mechanical properties in addition to good physical properties in order to have useful applications. The researchers have also always chosen the microhardness test to investigate the mechanical behavior, because it is easier to perform and not destructive. The microhardness test is one of the convenient methods for estimating the mechanical properties of materials; 13, 14 namely, the prediction of hardness also helps understanding the other mechanical properties. From the above-mentioned two aspects, the prediction of hardness for an oxide system is of important significance. Since compound systems of multicomponent oxides are dominant in new materials such as optical crystals and superconductors, it is necessary to extend Eq. ͑2͒ to these systems. In the present paper, examples of this extension are given to show how the method is applied, and the procedure is transferrable to other complex oxide crystals. Although most oxide compounds are ionic, errors could arise due to this extension, but the calculated results are very acceptable, and it seems worthwhile to extend this method.
The ionicity f i is the key parameter in Eq. ͑2͒. Armenta et al. 15 point out that it is not possible to obtain a quantitative value for the ionicity directly from the electron density calculated by first principles, especially for oxides with a higher ionic character. The semiempirical dielectric description of ionicity developed by Phillips, Van Vechten, and Levine ͑PVL͒ may provide a way to quantitatively evaluate the crys-tal ionicity of binary compounds. 16, 17 Based on the PVL scheme, which is mainly suitable for binary crystals, a theory describing the chemical bond of complex crystals has been developed by Zhang et al. 18 -21 Hence, we will first review the scheme for calculating the bond ionicities. Then the hardness prediction method for various complex oxide crystals is presented.
II. THEORY
Zhang 18 has pointed out that the properties of a crystal can be described by chemical bond parameters, and any complex crystal can be decomposed into different kinds of pseudobinary crystals. These binary crystals are related to each other, and every binary crystal includes only one type of chemical bond. However, the properties of these pseudobinary crystals are different from those of real binary crystals, although their chemical bond parameters can be calculated in a similar way. In theory, the ''crystal formula'' is a combination of subformulas for a chemical bond. The subformula for any kind of chemical bond A-B in the multibond crystal A a B b can be expressed by the following formula:
where A,B, . . . represent different elements or different sites of the same element in the crystal formula, a, b, . . .
represent numbers of the corresponding element, N(B-A)
represents the number of B ions in the A ion coordination group, and N CA represents the nearest coordination number of an A ion. After decomposing the complex crystal into different kinds of pseudobinary crystals which form an isotropic system, and then introducing an effective charge of valence electron by the Pauling bond valence method, Levine's theory 17 can be used directly to calculate the chemical bond parameters in the complex crystal compound. The average energy gap E g for every bond can be separated into homopolar gap E h and heteropolar C parts,
The ionicity f i and covalency f c of any type of chemical bond are defined as follows:
where
where d is the bond length. For any binary crystal AB n -type compounds the heteropolar C part is defined as
where (Z A )* is the number of effective valence electrons of the A ion, ⌬Z A is correction factor from d electron effects such as the crystal-field stable energy and the Jahn-Teller effect. 20 n is the ratio of element B to element A in the subformula, k s is the Thomas-Fermi screening wave number of the valence electron in the binary crystal composed of only one type of bond , a B is the Bohr radius, k f is the Fermi wave number of the valence electron in the binary crystal composed of only one type of bond , N e is the number of valence electrons of type bond per cubic angstrom, b is proportional to the square of the average coordination number N c ,
where b depends on a given crystal structure. If the dielectric constant of the crystal is known, the value of ␤ can be deduced from the above equations. The bond parameters for the crystal, of which the dielectric constant is unknown, may also be estimated by using the ␤ value of its isostructural crystals. The hardness of a pseudobinary compound composed of -type bonds can be calculated as follows:
where N e is expressed as follows,
where (n e )* is the number of effective valence electrons per bond, and v b is the bond volume. The hardness of multicomponent compound systems can be expressed as an average of the hardness of all binary systems in the solid. Hardness definitely involves the cooperative softening of many bonds. When there are differences in the strength among different types of bonds, the trend toward breaking the bonds will start with a softer one. Therefore, the hardness H v of complex crystals should be calculated by a geometric average of all bonds as follows:
where n is the number of bonds of type composing the actual complex crystal.
III. RESULTS AND DISCUSSION
In this section, in order to illustrate how to perform the calculation, we will first give two examples. One is the optical crystal LaMgAl 11 O 19 aluminate, and the other is the high-T c superconductor YBa 2 Cu 3 O 7 . The decomposition of complex crystals into the sum of pseudobinary crystals is clearly given, and how the bond ionicity and hardness are evaluated is shown. This is helpful for understanding how our method has been applied, and the procedure is transferrable to other complex crystals.
A. Bond parameters for LaMgAl 11 O 19
In this example, bond parameters have been calculated for LaMgAl 11 O 19 can be decomposed into the sum of pseudobinary crystals as follows:
The coordination number of La is 12, Al͑1͒, Al͑4͒, and Al͑5͒ are all 6, Al͑2͒ is 5, Al͑3͒ and Mg is 4, O͑1͒, O͑2͒, and O͑4͒ are 4, O͑3͒ is 5. The refractive index n r of LaMgAl 11 O 19 has been measured, 22 thus the dielectric content ⑀ may be calculated according to ⑀ϭn r 2 . By using the above theories, chemical bond parameters for each type of constituent chemical bond, and the hardness of pseudobinary crystals composed of corresponding constituent bonds, can be calculated. Results are listed in Table I , from which the relationship between hardness of the pseudobinary crystals and ionicity can be found. LaO bonds are almost purely ionic, thus the pseudobinary crystals LaO(3) 12/5 and LaO(5) 3 have the smallest hardness values 1.91 GPa and 2.43 GPa, respectively. In contrast, ͓Al͑3͒Mg͔O bonds have smaller ionicity, thus they possess higher hardness.
B. Bond parameters for YBa 2 Cu 3 O 7
For YBa 2 Cu 3 O 7 , the bond parameters, including bond ionicity f i and bond length d , are taken from our previous study. 23 The compound can be decomposed into many pseudobinary crystals as follows:
The hardness value of each type of constituent chemical bond can be calculated. Results are listed in Table II. From  Table II it can be seen that the larger the ionicity, the smaller the hardness of the pseudobinary crystals. BaO bonds are almost purely ionic, thus the pseudobinary crystals BaO(1) 5/3 , BaO(2) 5/3 , BaO(3) 5/3 , and BaO(4) 5/3 have the smallest hardness values. In contrast, Cu(1)O(4) 2/3 and Cu(1)O(1) 2/3 have the smaller ionicity, thus they possess the higher hardness. Although YO bonds are also ionic, the larger bond strengths E h result in a higher hardness than one of the BaO bonds. 094113-3
C. Hardness of oxide compounds
On the basis of the current method, the estimated hardness values of some complex oxide crystals with typical structure are listed in Table III 
D. Discussion
Another correlation that demonstrates the close connection between hardness and bond strength is the dependence on bond length, since bond lengths and bond energies are closely related. 3 Based on the relationship between bond length d and hardness defined by Povarennykh in an empirical formula, 1 Vickers hardness H v is proportional to 1/d 6 . In our earlier work, 26 it has also been found that H v ϰ1/d 6 for I-VII, II-VI, III-V, and IV-IV compounds, where IV-IV compounds are covalent crystals, and I-VII compounds are always seen as ionic crystals. Figure 1 shows the correlation of hardness and bond length for all of the pseudobinary crystals listed in Tables I-III . From Figure 1 , a regression result shows H v is proportional to 1/(d ) 6 . This is not difficult to understand from Eq. ͑11͒ where E h is proportional to 1/(d ) 2.48 and electron density N e is proportional to 1/(d ) 3 , and ionicity f i is also correlated to d , because it is generally accepted that the longer the bond length, the larger the ionicity in crystals. In static indentation tests for ionic crystals, as a pyramid is forced into a surface, the ions under the indenter are displaced, moving toward the neighboring ions. Thus, a resistant force will arise, which results mainly from the electrostatic repulsion interaction between the ions. It is well known that the electrostatic repulsion energy is proportional to 1/d m , where d is the interatomic distance and m is Born's exponent. In a sense, the hardness of purely ionic crystals may be comprehended as the sum of the resistance of each ionic bond per unit area to the indenter. This resistant force of the ions could be characterized by AЈ/d m , where AЈ is a factor of proportionality. Obviously, the origin of the hardness of ionic crystals is different from that of covalent crystals. But they all are proportional to 1/ d m , and bond length plays an important role in both hardness of covalent crystals and ionic crystals. Note that the hardness of ionic crystals is far lower than that of covalent crystals. Hence, the hardness resulting from a covalent component plays a determining role in partially covalent ionic crystals. Therefore, we can use Eq. ͑11͒ to predict the hardness of oxide crystals ͑despite their high ionicity͒ and the equation even works well on them.
It has been known that the bulk modulus and shear modulus are proportional to 1/d n where d is the bond length, and n is equal to 5 for shear modulus 5 and 3.5 for bulk modulus. 6 From Fig. 1 , hardness H v is proportional to 1/d 6 . This helps us to understand why, to a certain extent, the search for hard materials can be simplified to a search for materials with high values of bulk modulus and shear modulus, and why a better correlation can be observed between hardness and the shear modulus.
It should be noticed that YBaCuO possesses certain metallic nature based on the calculated energy band using first principles. 27, 28 Strictly speaking, the hardness estimation for YBaCuO using the present approach is only an approximate calculation. However, recalling that the parent compounds of the cuprate superconductors are regarded as charge-transfertype insulators based on the Zaanen-Sawatzky-Allen thoery, 29 Tanaka 30 suggested that Phillips' ionicity may provide a useful measure for characterizing the electronic states of high-T c oxides. Similar to the estimation of hardness in present paper, Tanaka 30 and Wu 21 also obtained reasonable results for bonding or properties of YBaCuO by employing Phillips' average energy-band theory. Perhaps one could understand as only the values of the pseudobinary components are used for YBaCuO in the above-mentioned calculations, and the pseudobinary compounds may be different from the real binary compounds.
The correlation between hardness and bond length shown in Fig. 1 is only a trend, and not as impressive as one would like to see. One of the possible reasons is due to neglecting the quantum-mechanical nature of chemical bonds in the empirical calculation. Perhaps bond order parameter, which is a convenient way to quantify the strength of bonding, 31, 32 could provide a bridge for further refinement of the present semiempirical approach.
IV. CONCLUSION
In summary, from the viewpoint of the chemical bond, we have calculated the hardness of various complex oxide crystals with larger ionic character. The calculated results are in agreement with their experimental values. Therefore we may extend the chemical bond theory of hardness to predict the hardness of the complex ionic oxide system. It should be emphasized that bond length plays an important role in understanding the correlation between the hardness of covalent crystals and ionic crystals. The physical nature of hardness of ionic crystals has been further discussed.
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